Abstract. The connection between Dickson polynomials of the first and second kinds, and Legendre functions is well-known. It is of great interest to know if Dickson polynomials of the (k + 1)-th kind have any connections with Legendre functions. In this note, we show that the Dickson polynomials of the third kind satisfy a nonhomogeneous second order linear ordinary differential equation whose general solution contains Legendre functions.
Introduction
Dickson polynomials have been widely studied for their permutation behavior over finite fields because of the applications of permutation polynomials in cryptography, coding theory, and combinatorics. They have connections with special functions such as Legendre functions and hypergeometric functions. In particular, it is well-known that Dickson polynomials of the first and second kind satisfy some linear differential equations whose solutions can be represented by Legendre functions. So far, there has been no work on how Dickson polynomials of the (k +1)-th kind are related to Legendre functions. In this paper, our main goal is to explore the relationship between the Dickson polynomials of the third kind and associated Legendre functions. It turns out that the Dickson polynomials of the third kind satisfy a non-homogeneous second order linear ordinary differential equation whose solution contains Legendre functions. First, we show that the particular solution to the resulting differential equation involves the Dickson polynomials of the first kind and subsequently show that the general solution to the associated homogeneous equation involves the Associated Legendre functions which can be expressed in terms the gamma function and hypergeometric functions.
Let us consider the n-th Dickson polynomial of the third kind over a commutative ring R with identity. Let n be a non-negative integer. The two elementary symmetric polynomials x 1 + x 2 and x 1 x 2 form a Z-basis of the ring of symmetric polynomials in Z[x 1 , x 2 ]. In [3] , it was shown that there exists D n (x, y) ∈ Z[x, y] such that
The explicit form of D n (x, y) is given by the Waring's formula [4, Theorem 1.1]
Let q be a prime power and F q denote the finite field with q elements. For fixed a ∈ F q , D n (x, a) ∈ F q [x] is the n-th Dickson polynomial of the first kind.
Let R be a commutative ring with identity and let a ∈ R. In [4] , it is shown that the Dickson polynomials of the first kind, D n (x, a), satisfy the homogeneous second order ordinary differential equaion
The n-th Dickson polynomial of the second kind E n (x, a) is defined by
where a ∈ R is a parameter. In [4] , it is also shown that the Dickson polynomials of the second kind, E n (x, a), satisfy the homogeneous second order ordinary differential equaion [5] , Stoll considered Dickson-type polynomials f n over R, which depend on two real parameters a and B. The explicit expression for f n is given by
We point out that (1.1) had also appeared earlier in [1] . Again in [5] , Stoll showed that the Dickson-type polynomials f n with a = 0, B ∈ R satisfy the second order homogeneous ordinary differential equation (See [5, Lemma 17 
where
For a ∈ F q , the n-th Dickson polynomial of the (k + 1)-th kind D n,k (x, a) as defined by Wang and Yucas in [6] is
Note that all the coefficients of D n,k (x, a) are integers and
By (1.3), the n-th Dickson polynomial of the third kind D n,2 (x, a) is given by
where a ∈ R. Throughout the paper, we denote the n-th Dickson polynomial of the third kind D n,2 (x, a) by F n (x, a).
The paper is organized as follows. In Section 2, we show that the Dickson polynomials of the third kind satisfy the non-homogeneous second-order linear ordinary differential equation given in the following lemma. Lemma 1.1. Let a = 0, x = u + au −1 with u = 0 and u 2 = a. Then we have
where D n (x, a) is the n-th Dickson polynomial of the first kind.
In Section 3, we solve (1.5) and prove the following theorem.
and F p (x, a) be the general solution to the associated homogeneous equation of (1.5) and the particular solution of (1.5), respectively. Then
where A and B are constants, and P
are the associated Legendre functions of the first and second kinds, respectively. Also,
b k , n is odd, k is even or n is even , k is odd,
otherwise,
and D n (x, a) is the n-th Dickson polynomial of the first kind. In particular, we have
Finally, in section 4, we show how to determine the constants A and B in theorem 1.2.
1.1. Preliminaries. The Dickson polynomial D n (x, a) of the first kind of degree n in the indeterminate x and with parameter a ∈ R is given as
Here ⌊ n 2 ⌋ denotes the largest integer ≤ n/2. Let u 1 and u 2 be indeterminates. Then Waring's formula (see [4, Theorem 1.1]) yields
and thus 
For a = 0, Let x = u + au −1 with u = 0 and u 2 = a. Then the functional equation of the Dickson polynomial of the third kind, F n (x, a), is given by
For m a real number, the Leibniz rule for the product of two functions u(z) and v(z) is given by .
Proof of Lemma 1.1
From (1.7), we have
By differentiating both sides with respect to u, we get
Multiplying by u and differentiating both sides with respect to u again yields
, where D n (x, a) is the n-th Dickson polynomial of the first kind (See (1.6)). Also note that, u − a u
From 2.1 we have,
Remark 2.1. Let a = 0 and x = u + au −1 with u = 0. When u 2 = a, the functional equation of F n (a, x) is given by
see [6, Remark 2.4] . In this case, we have F ′ n (x, a) = 0 which is not interesting.
Proof of Theorem 1.2
In this section, we let R = C. In Section 2, we showed that Dickson polynomials of the third kind satisfy the second order non-homogeneous differential equation
We first find the particular solution to (3.1), F p (x, a).
b k x k be the trial solution of the particular solution to (3.1). Then we have
and
2) can be written as
Consider the following cases.
(i) n is odd and k is even, (ii) n is even and k is odd, (iii) n is odd and k is odd, and (iv) n is even and k is even. In cases (i) and (ii), by comparing the coefficients in (3.3) we have
which implies
Now consider cases (iii) and (iv)
. By comparing the coefficients in (3.3) we have
where i = n−k 2 . Now let's consider the associated homogeneous equation, i.e.
Denote F n (x, a) by F (x) and let X = x 2 √ a . It then follows that
Now consider the Legendre equation: 
